We provide a description of the torsion subgroup TT.G/ of the finitely generated abelian group T .G/ of endo-trivial kG-modules in the case that G has a dihedral Sylow 2-subgroup of order at least 8 and k is an algebraically closed field of characteristic p D 2. Specifically, we prove that TT.G/ Š X.G/, the group of one-dimensional kG-modules, except possibly when G=O 2 0 .G/ Š A 6 , the alternating group of degree 6; in which case G may have nine-dimensional simple torsion endo-trivial modules. Our results complement the tame-representation type investigation of endo-trivial modules started by Carlson-Mazza-Thévenaz in the cases of semi-dihedral and generalized quaternion Sylow 2-subgroups. Furthermore, we provide a general reduction result, valid at any prime p, to recover the structure of TT.G/ from the structure of TT.G=H /, where H is a normal p 0 -subgroup of G.
637
of TT.G/ in T .G/. We recall that, when a Sylow 2-subgroup of G is dihedral of order of at least 8, the Z-rank, as well as generators for the torsion-free part of T .G/ have been known since the 1980s. More precisely, since the 2-rank of G is 2, by [7, Theorem 3.1], the Z-rank of TF.G/ coincides with the number of G-conjugacy classes of Klein-four subgroups of G, and this number is 2 by [17, Proposition 1.48 (iv) ]. Then by [1, Section 4] , we have TF.G/ Š hOE 1 .k G /; OEM i Š Z 2 ; where 1 .k G / denotes the first syzygy module of the trivial kG-module k G , and M is an indecomposable direct summand of the heart of the projective cover of k G . (Note that there are two such direct summands and M can be chosen to be any of them.) As a consequence, in this article we focus our attention on the determination of the torsion subgroup TT.G/ of T .G/. We recall that the group X.G/ of onedimensional kG-modules endowed with the tensor product˝k always identifies with a subgroup of TT.G/. Our main result about the structure of TT.G/ in the dihedral case is the following. Theorem 1.2. Assume that G is a finite group with a dihedral Sylow 2-subgroup of order at least 8, and let T .G/ be the abelian group of endo-trivial kG-modules over an algebraically closed field k of characteristic 2. Set G WD G=O 2 0 .G/. Then the following hold: Remark 1.3. Case (i) of Theorem 1.2 (b) happens for example for G D A 6 (see [8, Theorem 1.2] ), whereas case (ii) happens for example for G D 3:A 6 , the triple cover of A 6 (see Lemma 6.3) . Moreover, the central product C 9 3:A 6 provides an example where there exist classes OEV 2 TT.G/ such that OEV˝3 2 X.G/n¹OEk G º (see Example 7.2) . Furthermore, in the situation of Theorem 1.2 (b)(ii), any simple torsion endotrivial kG-module V of dimension 9 originates from the triple cover 3:A 6 of the alternating group A 6 of degree 6 in the following way. By [33, Theorem] , E WD E.G= ker.V // (the central product of all components of G= ker.V /, see [36, Definition 6.6.8] ) is quasi-simple and V # G= ker.V / E remains simple endo-trivial. 638 S. Koshitani and C. Lassueur Therefore, we must have E D 3:A 6 since 3:A 6 is the unique quasi-simple group with a nine-dimensional simple endo-trivial module in characteristic two by [25, Proposition 3.8 and Section 4] . Corollary 1.4. If G is a finite group with a dihedral Sylow 2-subgroup of order at least 8 and k is an algebraically closed field of characteristic 2, then any indecomposable torsion endo-trivial kG-module is simple, and hence lifts uniquely to an ordinary irreducible character of G.
Proof. This follows immediately from Theorem 1.2, the fact that TT.G/ consists only of classes of trivial source modules (see Lemma 3.3) , and the fact that trivial source modules lift uniquely (see [31, Theorem 4.8.9 (iii)]).
Our new method, developed to treat the dihedral case of order at least 8, also allows us to finish off the classification of torsion endo-trivial modules for finite groups with Klein-four Sylow 2-subgroups, which we started in [22] . We note that our results in this case are explicit, whereas those recently obtained by Carlson and Thévenaz in [13] (where they treat the general question of computing the group K.G/ for finite groups G with abelian Sylow p-subgroups) only provide an algorithmic method to identify the group K.G/. Theorem 1.5. Assume that G is a finite group with a Klein-four Sylow 2-subgroup P . Set TT 0 .G/ WD ¹OEV 2 TT.G/ W V is indecomposable and V 2 B 0 .G/º, where B 0 .G/ is the principal block of G and G WD G=O 2 0 .G/. Then TT 0 .G/ is isomorphic to Z=3Z, any indecomposable kG-module V with OEV 2 TT.G/ lifts uniquely to an OG-lattice b
V affording an ordinary irreducible character y V 2 Irr.G/, and the structure of TT.G/ is as follows: (a) If G Š P , then TT.G/ D X.G/.
where q > 5 is a power of an odd prime such that q Á˙3 .mod 8/ and f is an odd integer, then TT.G/ Š X.G/˚TT 0 .G/ Š X.G/˚Z=3Z: Furthermore, if V is a non-trivial indecomposable endo-trivial kG-module such that OEV 2 TT 0 .G/, then dim k .V / D .q 1/=2 when q Á 3 .mod 8/ and dim k .V / D q when q Á 5 .mod 8/.
Endo-trivial modules: The dihedral case 639
The first main tool used in our investigation is Gorenstein-Walter's classification of finite groups G with dihedral Sylow 2-subgroups modulo O 2 0 .G/. Further, our methods heavily rely on a theorem of Schur's [31, Theorem 3.5.8] combined with two results of Navarro-Robinson [32] , the first of which states that if an endo-trivial module is induced from a proper subgroup, then this subgroup must be strongly p-embedded in G, and the second of which states that simple endotrivial modules over p-nilpotent groups of p-rank at least 2 have dimension 1. This enables us to reduce our computation of TT.G/ to that of TT.G=O 2 0 .G// using Theorem 1.1. Finally, we note that our methods require to decompose torsion endo-trivial modules as tensor products of modules over non-proper twisted group algebras, although the final statements of Theorems 1.2 and 1.5 do not reflect this fact.
The paper is organized as follows. In Section 2 we introduce the notation, and in Section 3 preliminary known results on endo-trivial modules, which we will rely on. In Section 4 we prove Theorem 1.1. In Section 5 we give general results on finite groups with dihedral Sylow 2-subgroups of order at least 8 and their endotrivial modules, and Sections 6-7 are devoted to the proof of Theorem 1.2. Finally, in Section 8 we prove Theorem 1.5.
Notation
Throughout, unless otherwise specified we use the following notation and conventions. We let p denote a prime number and G a finite group of order divisible by p. We assume that .K; O; k/ is a splitting p-modular system for all subgroups of G, that is, O is a complete discrete valuation ring of rank one such that its quotient field K is of characteristic zero, its residue field k WD O=rad.O/ is of characteristic p, and both K and k are splitting fields for all subgroups of G. Modules are finitely generated left modules. By an OG-lattice, we mean an OG-module which is O-free of finite rank. For a ring R, we denote by R the group of units of R. We write Syl p .G/ for the set of all Sylow p-subgroups of G. For a p-subgroup Q of G and H Ä G with H N G .Q/, we denote by f D f .G;Q;H / the Green correspondence with respect to .G; Q; H /, see [31, p. 276 ]. For a positive integer n, we denote by C n the cyclic group of order n, and by A n the alternating group of degree n. We write Z.G/ for the center of G, OEG; G for the commutator subgroup of G. If H is a normal subgroup of G, and L a subgroup of G, then we write G D H Ì L if G is a semi-direct product of H by L. For two kG-modules M and M 0 , M˝k M 0 is the tensor product over k, M˝n is the tensor product M˝k ˝k M of n copies of M , we write M for the k-dual of M , that is, M WD Hom kG .M; k/, and we write M 0 j M when M 0 is (isomorphic to) a direct summand of M . We denote by k G the trivial kG-module. We write H Ä G if H is a subgroup of G. In such a case, for a kG-module M and a kH -module L, we denote by M # H and L" G , respectively, the restriction of M to H and the induction of L to G.
We denote the Schur multiplier of G by M.G/ WD H 2 .G; C /. For a 2-cocyclę 2 Z 2 .G; k /, we denote by OE˛ 2 H 2 .G; k / the cohomology class of˛, and by k˛G the twisted group algebra of G over k with respect to˛. Then for a k˛G-mod- For a k.G=N /-module M we write simply Inf G G=N .M / for the inflation of M from G=N to G. We denote by B 0 .G/ the principal block of G, and by Irr.G/ (resp. Irr.B/) the set of all irreducible ordinary characters of G (resp. of the p-block B). We write 1 G for the trivial ordinary or Brauer character of G.
We say that a kG-module M is a trivial source module if it is a direct sum of indecomposable kG-modules, all of whose sources are trivial modules, see [37, p. 218] . It is known that a trivial source kG-module M lifts uniquely to a trivial source OG-lattice, which we denote by c M , see [31, Theorem 4.8.9 (iii) ]. Then, we denote by y M the ordinary character of G afforded by c M . For further standard notation and terminology, we refer the reader to the books [31, 37] .
3 Preliminary results
Endo-trivial modules
as kG-modules, where .proj/ denotes a projective direct summand (possibly the zero module).
Any endo-trivial kG-module V splits as the direct sum V D V 0˚. proj/, where V 0 WD 0 .V /, the projective-free part of V , is indecomposable and endo-trivial. The relation U V , U 0 Š V 0 is an equivalence relation on the class of endo-trivial kG-modules, and we let T .G/ denote the resulting set of equivalence classes (which we denote by square brackets). Then T .G/, endowed with the law OEU COEV WD OEU˝kV , is an abelian group called the group of endo-trivial modules of G. The zero element is the class OEk G and OEV D OEV .
Notice that if p − jGj, then any kG-module is endo-trivial, but the above construction of the group T .G/ is not valid any more.
The group T .G/ is known to be a finitely generated abelian group, see for example [7, Corollary 2.5 ]. Therefore, we may write T .G/ D TT.G/˚TF.G/, where TT.G/ is the torsion subgroup of T .G/ (hence a finite group) and TF.G/ is a torsion-free complement.
We let X.G/ denote the group of one-dimensional kG-modules endowed with the tensor product˝k, and recall that X.G/ Š .G=OEG; G/ p 0 . Then by identifying a one-dimensional module with its class in T .G/, we consider X.G/ as a subgroup of T .G/.
Further
In particular, indecomposable endo-trivial kG-modules have the Sylow p-subgroups of G as their vertices, and hence lie in p-blocks of full defect. Lemma 3.2. Let H be a subgroup of G, and let P be a Sylow p-subgroup of G.
If p j jH j, then restriction induces a group homomorphism
If, moreover, H N G .P /, then Res G H is injective, and for any
In particular, we may consider TT.G=H / Ä TT.G/. Let P be a Sylow p-subgroup of G. We fix the notation
In fact, in most cases, the torsion subgroup of T .G/ is equal to K.G/, and has the following characterizations, which we will use throughout.
The group K.G/ is exactly the set of classes of indecomposable trivial source endo-trivial kG-modules, and
where f WD f .G;P;N G .P // . In particular, K.G/ Ä TT.G/ and we may consider (b) . Next the number of isomorphism classes of indecomposable trivial source kG-modules with vertex P is finite, hence K.G/ is a finite group, so that we must have K.G/ Ä TT.G/. The last claim follows from Lemma 3.2 (b) .
(c) The claim is given by [9, Lemma 2.3].
Our objective in this article is to consider groups with dihedral Sylow 2-subgroups only, therefore in this case Lemma 3.3 (c) allows us to identify TT.G/ with K.G/.
Finally, in order to detect whether a trivial source module is endo-trivial, we have the following character-theoretic criterion. 
Strongly p-embedded subgroups
Recall that a subgroup H of G is strongly p-embedded in G if HˆG, p j jH j and p − jH \ x 1 H xj for any x 2 G n H . Note that any strongly p-embedded subgroup of G contains the normalizer in G of a Sylow p-subgroup. Moreover, the operations of induction and restriction induce equivalences of the stable module categories stmod.kH / and stmod.kG/ if H is a strongly p-embedded subgroup of G. 
The following result due to G. Navarro and G. R. Robinson is essential for our purpose because the structure of finite groups which have strongly p-embedded subgroups is in a sense very restricted. Lemma 3.6. Let H be a proper subgroup of G, and assume that V and W are kGand kH -modules, respectively, with V D W " G . Then the following are equivalent:
(1) V is endo-trivial.
(2) W is endo-trivial and H is a strongly p-embedded subgroup of G.
Proof. The implication (1) implies (2) is given by [29, Lemma 1 (iv) ]. The converse is straightforward from Lemma 3.5.
Recovering K.G / via inflation from a normal p 0 -subgroup
Before starting our investigation of endo-trivial modules over finite groups with dihedral Sylow 2-subgroups, we develop a general method enabling us to recover the subgroup K.G/ of T .G/ using inflation from a quotient by a normal p 0 -subgroup of G.
In order to set up the technical notation for this section, we start by recalling and slightly generalizing well-known results of Schur. 
the direct sum of e 1 copies of Y , then there exists an F˛ 1 G-module Z such that, as F G-modules, G is strongly p-embedded in G, which is a contradiction.
Theorem 4.4. Assume that the p-rank of G is at least 2 and that G has no strongly p-embedded subgroups. Let H C G with p − jH j, and set G WD G=H . Let V be an indecomposable endo-trivial kG-module. Then the following hold: where OE1c 2 X.G/ Ä K.G/. Therefore it remains to prove that OEW˝n 2 Inf G G .K.G//: But this is clear. Indeed, since OEW˝n D OEV˝n OE1c 2 K.G/, W˝n must be a trivial source kG-module (possibly the direct sum of an indecomposable endotrivial module and projective modules if n > 1) by Lemma 3.3 (b) and therefore so is the kG-module Z˝n, that is, OEW˝n D Inf G G .OEZ˝n/ 2 Inf G G .K.G//. As a corollary we obtain Theorem 1.1 of the introduction.
Proof of Theorem 1.1. Since H 2 .G; k / D 1, the integer n in Theorem 4.4 (b) is equal to 1. Hence the claim follows by identifying K.G/ with Inf G G .K.G//.
Groups with dihedral Sylow 2-subgroups
Throughout this section we assume that P be a dihedral Sylow 2-subgroup of G of order at least 8. Gorenstein and Walter proved in [18] (see also [16 (D5) if G Š PSL.2; q/, where q is a power of an odd prime with q ¤ 9, and q Á˙1 .mod 8/;
(D6) if G Š PGL.2; q/, where q is a power of an odd prime with q ¤ 9;
(D7) if G Š PSL.2; q/ Ì C f , where q is a power of an odd prime with q ¤ 9, q Á˙1 .mod 8/, and f > 1 is odd;
where q is a power of an odd prime with q ¤ 9, and f > 1 is odd.
The splitting of case (3) into (D3)-(D8) follows from the fact that the structure of PL.2; q/, where q D r m is a power of an odd prime r, is well known: PL.2; q/ Š PGL.2; q/ Ì Gal.F q =F r /, where Gal.F q =F r / is cyclic of order m. Moreover, [36, Chapter 6, (8.9) ] shows that f is odd. Proof. This follows from the Bender-Suzuki Theorem [2, Satz 1] (cf. [35] ) and also a result of Gorenstein-Walter [18] , see [ Finally, assume that (D6), (D7) or (D8) holds with q > 3. Then
which, in particular, is cyclic in all three cases. Thus, as PSL.2; q/ is perfect, it follows from [19, Theorem 3.1 (i)] that jM.G/j divides jM.PSL.2; q//j D 2. Therefore we obtain h D 1.
Torsion endo-trivial modules in the dihedral case: The basic examples
We now turn to the description of TT.G/ for groups G with dihedral Sylow 2-subgroup of order at least 8. First we investigate the case when O 2 0 .G/ is trivial and prove that torsion endo-trivial modules are always one-dimensional in this case. Throughout this section we use the notations G, P and G as in Section 5.
Proof. By assumption, we have G D G, thus we may go through the possibilities for G according to Hypotheses 5.1. If (D1) holds, i.e. G D P , then TT.G/ D ¹OEk G º by [12, Theorem 5.4 ]. If (D2) holds, i.e. G D A 7 , then TT.G/ D ¹OEk G º by [8, Theorem B (a) ]. Now assume that G satisfies one of (D3) to (D8). Set N WD N G .P /. As P is dihedral of order at least 8, its automorphism group is a 2-group, so that
In particular, if G satisfies (D3), (D4), (D5) or (D6), then N D P , and hence X.N / D ¹OEk N º, so that Lemma 3.
Finally, assume that G satisfies (D7) or (D8). Then we have N D P C f , so that X.N / Š C f . But clearly X.G/ Š C f as well, so that the kG-Green correspondents of the one-dimensional kN -modules are all one-dimensional. Hence
As a consequence, we see that any torsion endo-trivial module of a finite group with dihedral Sylow 2-subgroup of order at least 8 which lies in the principal block has to be one-dimensional. Next we consider the triple covers of A 6 , A 7 and PGL.2; 9/ whose Schur multipliers have non-trivial 2 0 -parts as seen in Lemma 5.3. The next lemma also shows that TT.G/ is not isomorphic to TT.G=O 2 0 .G// via inflation in general. In the following proof, an ordinary irreducible character of degree d of a group G is denoted by d , whereas irreducible Brauer characters are denoted by their degrees, and are identified with the corresponding simple kG-modules. Moreover, ordinary irreducible characters are labelled according to [40, Decomposition Matrices] . We note that the above result about 3:A 6 and 3:A 7 appears in [26, Proposition 6.1], where it was obtained via a MAGMA computation [4] , while we give here a character-theoretic proof.
Proof. First note that we may identify H with a subgroup of G. Let P 2 Syl 2 .H /, so that P 2 Syl 2 .G/ as well. Then P Š D 8 (the dihedral group of order 8), N WD N H .P / D N G .P / Š C 3 P , and N Ä H Ä G. In particular, X.N / is isomorphic to Z=3Z. By Lemma 3.3 (b) , we need to determine whether the kH -and kG-Green correspondents of the two non-trivial elements 1a; 1a 0 2 X.N / are endo-trivial. So, set f H WD f .H;P;N / and f G WD f .G;P;N / . But 1a 0 D 1a , and endo-triviality is preserved by passage to the k-dual, hence we only need to determine whether f 1 H .1a/ and f 1 G .1a/ are endo-trivial modules. Note that the group 3:
But 24 1 ; 24 3 2 Irr.G/ being defect-zero characters, we obtain that f 1 G .1a/ affords 15 4 2 Irr.G/, which does not take value 1 on the unique conjugacy class of involutions, see [14, p. 10] . Thus, by Theorem 3.4, f 1 G .1a/ and f 1 G .1a 0 / are not endo-trivial modules, and we must have TT.G/ D ¹OEk G º. Next, we claim that H Ä C G .E/. Take any h 2 H , and let h be an element of Aut.E/ given by y 7 ! h 1 yh for y 2 E. Since jZ.E/j D 3, h acts trivially on Z.E/, and hence we can consider that h 2 Aut.E=Z.E// D Aut.A 6 /. Since jhj is odd and jOut.A 6 /j D 4 by [14, p. 4] , we know that h is an inner automorphism of A 6 , and hence h is an inner automorphism of E. This implies that there is an element y 0 2 E with hy 0 2 C G .E/. Since we know already that C G .E/ Ä H , we have y 0 2 H , so that y 0 2 H \ E D Z.E/ Ä C G .E/. Therefore h 2 C G .E/.
(b) The first part follows easily from (a) and the Clifford Theorem. Then, the second part follows from Theorem 3.4. The final part follows immediately.
7 Torsion endo-trivial modules in the dihedral case: Proof of Theorem 1.2
We now turn to the general case and prove Theorem 1.2 of the introduction. Throughout this section we use the notations G, P and G as in Section 5, and further set H WD O 2 0 .G/, and hence G WD G=H and P WD HP =H Š P .
Proposition 7.1. Let V be an indecomposable endo-trivial kG-module such that OEV 2 K.G/. Then the following hold:
Proof. Since G has no strongly 2-embedded subgroups by Lemma 5.2, Theo- Hence we may assume that G satisfies one of (D2), (D3), or (D4). If OE˛ is trivial, then by the same argument as above we obtain dim k .V / D 1. Therefore we assume from now on that OE˛ is non-trivial and it follows from Lemma 5.3 that jOE˛j D 3. Then there exists a non-split central extension
where e Z Š C 3 , and we write e G D 3:G, the triple cover of G. Finally, assume that G satisfies (D3), i.e. G Š A 6 , so that e G D 3:A 6 . Since e W is indecomposable endo-trivial and OE e W 2 K. e G/, it follows from Lemma 6.3 (a) that e W 2 ¹k G ; 9 1 ; 9 2 º (where 9 1 and 9 2 are as in Lemma 6.3 (a)) and therefore is a simple module. Hence, again, we compute dim k V D dim k .1b˝k W / D dim k W D dim k e W 2 ¹1; 9º:
Next, we claim that V is a simple module as well. We may assume, without loss of generality, that e W D 9 1 , which lies in one of the two non-principal 2-blocks of full defect of 3:A 7 . So let B and e B be the blocks of kG and k e G, respectively, to which V and e W belong. Then, B and e B correspond to each other by the Morita equivalence given by the result of Morita in [21, Lemma 2] (see also [30] and [31, Theorem 5.7.4] ), and V and e W correspond to each other via this Morita equivalence. Hence V is a simple kG-module since e W is simple. Now, by Theorem 4.4 (b), we have that V˝3 D .1b/˝3˝k W˝3 is the tensor product of a (non-twisted) kG-module .1b/˝3 and a (non-twisted) kG-module W˝3 such that OEW˝3 2 Inf G G .K.G//. Since G D A 6 , we have K.G/ D ¹OEk G º by Proposition 6.1. Therefore Example 7.2. We now give an example of a group G with a dihedral Sylow 2-subgroup P of order 8, for which there exist classes OEV 2 TT.G/ such that OEV˝3 2 X.G/ n ¹OEk G º:
We put ourselves in the situation of Corollary 6.4 and consider the following example. We define G to be the central product defined by G WD C 9 3:A 6 Š .C 9 3:A 6 /=C 3 ; so that G WD G=O 2 0 .G/ Š A 6 , but H 2 .G; k / Š C 3 . Then, it easily follows that X.G/ Š Z=3Z and X.N G .P // Š Z=9Z. Using GAP [5] , we compute the following. First, inducing the nine linear characters of N G .P / to G, we find that the kG-Green correspondents of the associated kN G .P /-modules afford the three linear characters corresponding to X.G/ Š Z=3Z (this part is obvious) and six nine-dimensional ordinary characters 9 1 ; : : : ; 9 6 , reducing modulo 2 to ninedimensional simple kG-modules 9 1 ; : : : ; 9 6 , respectively (all lying in pairwise distinct blocks). Then Theorem 3.4 ensures that these modules are all endo-trivial since their ordinary characters take value one on any non-trivial 2-element of G. Hence we conclude that TT.G/ D K.G/ Š X.N G .P // Š Z=9Z:
Finally, we see that the characters y 9 i˝K y 9 i˝K y 9 i for each 1 Ä i Ä 6 have no trivial constituents, so that OE.9 i /˝3 2 X.G/ n ¹OEk G º for each 1 Ä i Ä 6.
